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ERROR IMPROVEMENT IN THE ANALYSIS OF MACROMOLECULES 

BY PHOTON STATISTICS 

F. Moreno, M.P. Cagigal and  M.A. Rebolledo. 

Departamento de Optica y Estructura de la  Materia. 

Spain. 
Facultad de Ciencias. Universidad de Santander. 

ABSTRACT 

In th i s  paper we study the improvement which i s  obtained i n  
the analysis of macromolecules in solution by measuring the spatial  
coherence constant in a previous experiment. Results are discussed 
for a binary mixture of spherical par t ic les  in solution. 

I.- INTRODUCTION. 

During the l a s t  twenty years photon s t a t i s t i c s  has proved t o  
be a useful technique for  the analysis of l ight  scattered by macro- 
molecules in solution 1-2. The mean sizes,  standard deviation o f  s i -  
zes, re la t ive concentrations of the different macromolecules in sol! 
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34 6 MORENO, CAGIGAL, AND REBOLLEDO 

t i on ,  e tc . ,  have been obtained. Usual ly,  t h i s  i n fo rma t ion  has been 

obtained by measuring the normalized i n t e n s i t y  c o r r e l a t i o n  func t ion ,  
g(’)( T), o r  the  normalized second-order f a c t o r i a l  moment, n (2) (T) .  
These q u a n t i t i e s  depend on the  s p a t i a l  coherence p roper t i es  o f  the  
analyzed l i g h t  beam. Therefore, when f i t t i n g  the  experimental values 
o f  g ( 2 ) ( T )  o r  n (2) (T)  t o  the  t h e o r e t i c a l  ones, the  s p a t i a l  coheren- 
ce appears as an unknown parameter t h a t  can be obtained from the  f i t  
t i n g .  I f  we reduce the  number o f  parameters t o  be found by f i t t i n g ,  
the e r r o r s  I m o l v e d  i n  determining these parameters w i l l  be reduced. 
Therefore, the  r e s u l t s  can be improved i f  the s p a t i a l  coherence pa- 

rameter i s a1 ready known. 

ana lys is  o f  a b ina ry  mix tu re  o f  spher ical  p a r t i c l e s  i n  s o l u t i o n  

when the  s p a t i a l  coherence parameter i s  known from a previous expe- 
r iment and n (2 ) (T )  i s  measured. 

I n  t h i s  paper we study, as an example, the improvement i n  the 

11.- THEORY. 

Let  us consider an experiment where macromolecules i n  s o l u t i o n  
s c a t t e r  l a s e r  l i g h t .  I f  the  number o f  macromolecules i n  the sca t te -  
r i n g  volume es large, the sca t te red  l i g h t  i s  Gaussian. Moreover, 
s ince the sca t te red  l i g h t  i s  quasimonochromatic, i t  w i l l  e x h i b i t  
the proper ty  o f  cross-spectral  p u r i t y  . Therefore, the normalized 
i n t e n s i t y  c o r r e l a t i o n  func t i on  can be 

2 

as 

where 

A being the area o f  the de tec to r  and g(1)(Fl,?2) being the f i r s t -  
order degree o f  spa t i a l  coherence. The func t i on  f ( A )  does n o t  d e -  
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ANALYSIS OF MACROMOLECULES 347 

pend on the spec t ra l  p roper t i es  o f  the analyzed l i g h t .  

these macromolecules operate as an incoherent source o f  un i fo rm ic 
t e n s i t y .  I f  a c i r c u l a r  diaphragm o f  rad ius  R1 i s  p laced on the  sour 
ce and another c i r c u l a r  diaphragm o f  rad ius  R2 i s  placed on the  de- 
tec to r ,  i t  i s  found 2-3 t h a t  

I n  the case o f  sca t te red  Gaussian l i g h t  f rom macromolecules, 

2 

2 4 
[ (2s+2)  ! ] f (A )=  2 

s=o [ (s+2) ! ]  [ ( s + l ) !  I 

where A i s  the wavelength and z the  distance between the  source 
and the  detector.  I t  i s  c l e a r  t h a t  f ( A )  depends on the p o s i t i o n s  
and r a d i i  o f  the  two 
spectrum o f  the analyzed l i g h t .  1.e. i f  diaphragms remain unchan 
ged and the  s o l u t i o n  o f  macromolecules i s  replaced by another 
t h a t  produces a d i f f e r e n t  spectrum the value o f  f ( A )  does n o t  

change. 

diaphragms b u t  i t  does n o t  depend on the  

2 To ca l cu la te  n ( 2 ) ( T )  we can use the r e l a t i o n  

- a 2  ( i n  (2 ) (T )  } = 2 g(2)(T) 
a T2 

(4) 

from which we can de r i ve  

n(2) (T)  = 1t [ 2 f ( A ) / T 2 ]  5 dT' IT' d Z  l g ( l ) ( Z ) /  '. (5) 
0 

Since i n  a r e a l  experiment, the diaphragm i s  n o t  a c t u a l l y  on the  
source bu t  some distance from i t  ( t h e  same being t r u e  f o r  the de- 

t e c t o r  and i t s  diaphragm) Eq. ( 3 )  cannot be used and f ( A )  must be 
determined from the experiment. I n  o rder  t o  do t h i s  we can use c g  
l i b r a t e d  spheres i n  so lu t i on .  I n  t h i s  case we have 2 
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where 
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v i  scos 
o f  the  

n ( 2 ) ( T  

I n  Eq. ( 7 )  r i s  the spec t ra l  w id th  o f  the Lorentzian p r o f i l e  o f  the 
l i g h t  sca t te red  by the  spheres, n i s  the r e f r a c t i v e  index o f  the  

solvent,  8 the  sca t te r i ng  angle, KB the Boltzman constant, t the  
temperature o f  the s o l u t i o n  expressed i n  Kelvins, q the  s o l u t i o n  

t y , . a t h e  wavelength o f  t he  e x c i t i n g  l i g h t ,  and r the rad ius  

spher ical  p a r t i c l e s .  Using Eqs. ( 5 )  and ( 6 )  we ob ta in  

I f  the q u a n t i t i e s  n, 8 , t, q ,  a, r and T are  known, the value 
o f  f l A )  can be obtained w i t h  a very  small e r r o r  by f i t t i n g  exper i -  

mental and t h e o r e t i c a l  values o f  n (2 ) (T ) .  I f  the  macromolecules i n  
so lu t i on  are changed bu t  the  experimental i n s t a l l a t i o n  remains un- 
changed, the  value o f  f ( A )  can be used f o r  subsequent experiments. 

111.- APPLICATION TO A BINARY MIXTURE OF SPHERICAL PARTICLES 

Let us consider a b ina ry  mix tu re  o f  spher ica l  p a r t i c l e s  w i t h  

t h a t  4 diameters dl, d2 and concentrat ions cl, c2. It can be shown 

n(2)(T) i s  a func t i on  o f  dl, d2, the concentrat ion r a t i o  c21=c2/c1 

and the s p a t i a l  coherence constant. The concent ra t ion  r a t i o  c21 
depends on the i n t e n s i t y  r a t i o  

a!= I 2  / I1 

I2 being the  i n t e n s i t y  sca t te red  by the  spheres o f  diameter d2 and 

I1 the  i n t e n s i t y  sca t te red  by the’spheres o f  diameter dl. A l l  the  
above-mentioned. parameters (dl, d2 and c21) can be obtained by f i t  
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t i n g  t h e  exper imen ta l  va lues  o f  n ( 2 ) ( T )  t o  t h e  t h e o r e t i c a l  ones. 
I n s t e a d  o f  measuring n ( 2 ) ( T )  we s imu la ted  va lues o f  t h i s  q u a n t i t y  by  
u s i n g  a f a s t  computer s i m u l a t i o n  method5. By u s i n g  t h i s  method one 
can s i m u l a t e  t h e  va lue  o f  n ( 2 ) ( T )  which corresponds t o  an e x p e r i -  
mental d e t e r m i n a t i o n  o f  t h i s  q u a n t i t y  f r o m  N samples o f  t h e  number n 
o f  p h o t o e l e c t r o n s  counted i n  a t i m e  i n t e r v a l  T. The s i m u l a t i o n s  we - 
r e  made f o r  a va lue  o f  dl (1200 A ) ,  f i v e  va lues  o f  d2 (750 8 ,  600 A ,  
450 A, 300 A and 150 A )  and n i n e  va lues  o f  a ( l 0 ,  5.2, 3, 1.7, 1, 

0.6, 0.3, 0.17 and 0.1). I n  a l l  45 cases 8 was 90' and we s i m u l a t e d  
a l i g h t  beam whose i n t e n s i t y  was 10 photopulses p e r  coherence t i m e  

zc. For  each case n(2)(Ti) (i = 1,2 ,... ,45) was s i m u l a t e d  i n  such 

a way t h a t  

T 1 =  0.1 7 , T 4 5 =  2 Zc 

For each Ti t h e  v a w e  o f  n(2)(T i )  s imu la ted  was e q u i v a l e n t  t o  t h e  
exper imenta l  one ob ta ined  f r o m  Ni samples o f  n i n  such a way t h a t  
Ni , Ti = c o n s t a n t  f o r  a l l  va lues o f  i ( i = 1 , 2 ,  ... ,45). The t o t a l  

measurement t i m e  tm = 2 NiTi was tm= 10 . Zc. The va lues  o f  t h e  

parameters dl, d2, c21 were o b t a i n e d  by  f i t t i n g  t h e  s i m u l a t e d  va lues  

o f  n(2)(T i )  ( i=1,2, ... 45) t o  t h e  t h e o r e t i c a l  ones. By r e p e a t i n g  

t h i s  o p e r a t i o n  t e n  t imes, t h e  r e l a t i v e  e r r o r s  i n  dl(edl), d2(ed2) 
and c21(ec21) can be eva lua ted  by means s tandard  d e v i a t i o n  o f  t h e  

d i f f e r e n t  va lues  o f  dl, d2 and c ~ ~ .  

f i r s t  f i t t e d  t o  t h e  t h e o r y  t o  o b t a i n  c21 (dl, d2 were assumed t o  
be known). By r e p e a t i n g  t h i s  o p e r a t i o n  t e n  t imes  t h e  e r r o r  i n  c21 
was eva lua ted .  T h i s  was done by assuming t h e  s p a t i a l  coherence 

cons tan t  t o  be knoun i n  o r d e r  t o  o b t a i n  ek;!' and s e p a r a t e l y  b y  
k.c. U.C. c o n s i d e r i n g  i t  unknown t o  o b t a i n  e,!;:. . The va lues  of ec 

co r respond ing  t o  t h e  45 cases were average. Moreover, t h e  average 

8 
i=l 

F o r  each case, t h e  va lues  o f  n(')(Ti) (i=1,2,...,45) were 

2 1  'ec21 
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350 MORENO, CAGIGAL, AND REBOLLEDO 

of e k S c '  was d i v i d e d  by t h e  average o f  eU"' . A f t e r  t h a t ,  t h e  same 
o p e r a t i o n s  were performed when f i t t i n g  t o  o b t a i n  c21 and d2 (dl was 

assumed t o  be known) and when f i t t i n g  t o  o b t a i n  c21, dl, d2. The rg 
s u l t s  a r e  l i s t e d  i n  t a b l e  1. 

It can be observed t h a t  t h e  va lues  o f  f, f d  and f d  a r e  

c l o s e  t o  0.5. Therefore,  t h e  e r r o r s  a r e  reduced b y  h a l f  i f  t h e  sp: 
t i a l  coherence cons tan t  i s  measured i n  a p r e v i o u s  exper iment .  S in -  
ce i n  genera l  g x = f x ,  t h e  e r r o r  r e d u c t i o n  f o r  l a r g e  va lues  o f  e x  i s  
app rox ima te l y  equal t o  t h e  e r r o r  r e d u c t i o n  f o r  smal l  va lues  o f  ex.  

c21  c 2 1  

21' 2 1 

TABLE 1 

,k.c.- 

u.c.= coherence parameter  i s  known ; e x  
x ob ta ined  when t h e  s p a t i a l  coherence parameter i s  unknown; 
f x =  < e k * c m / e U ' C ' >  and gx= < e:*'* > / <e:." > . The va lue  o f  
f ( A )  was 0.5. 

- r e l a t i v e  e r r o r  i n  t h e  parameter x ob ta ined  when t h e  s p a t i a l  

r e l a t i v e  e r r o r  i n  t h e  parameter 
X 

PARAMETERS DETERMINED FROM THE FITTING 

c21 c21' d2 c21' d2' dl 

f 0.455 0.505 0.455 
c21 

0.460 0.476 0.317 
gc2 1 

fd2 
0.461 0.465 

gd2 

f d l  

0.494 0.488 

0.588 

g d l  
0.429 
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This i s  t r u e  except f o r  two cases.  When f i t t i n g  cZ1, d 2  a n d  d l  i t  

can be observed t h a t  g c21/fc21 and gdl/fd a r e  s i g n i f i c a n t l y  smaller 
t h a n  unity.  Therefore, f o r  la rge  Values of e 

a re  reduced more t h a n  f o r  small ones. 

1 
o r  ed the e r r o r s  c21 1’ 

From the preceding study i t  i s  c l e a r  t h a t  the r e s u l t s  obtained 
in the ana lys i s  of macromolecules in so lu t ion ,  by photon s t a t i s t i c s ,  
can be improved i f  the spa t i a l  coherence constant i s  known from a 
previous experiment where t h i s  constant i s  the only unknown parame- 
t e r .  The e r r o r  reduction can be considerable,  e spec ia l ly  i f  the e r -  
rors  a re  la rge .  
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